Abstract: The aim of this paper is to apply
Introduction
Agarwal [1] discussed the theorems stating the conditions for the existence and uniqueness of solutions of high order boundary value problems (BVP) without numerical methods. In the literature of BVPs we observe that the higher order differential equations arise in some branches of applied mathematics, engineering and many other fields of advanced physical sciences [2] [3] . Particularly, eighth, tenth and more even higher order BVP arise in hydromagnetic stability analysis [4] . Thus, some researchers have solved high even order BVP numerically; e.g. Siddiqi and Twizell [5] solved eighth order BVPs with spline functions while Wazwaz [6] considered tenth order problems by the modified decomposition method. But few researchers have paid their attention to solve eleventh order BVP. Such as Siddiqi et al [7] used Variational iteration technique to obtain numerical approximations for eleventh-order BVPs by converting the original problem into a system of integral equations. Very recently Amjad Hussain et al [8] derived the numerical solutions of eleventh-order BVPs using differential transformation method.
In the present paper, the solution of eleventh-order BVP is derived by the Galerkin method [2] with standard (Bernstein and Legendre) polynomials as basis functions. The problem has the following form: (1) is solved with the boundary conditions of eqn. (1b). However, in section 2 of this paper, we give a short description on Bernstein and Legendre polynomials. In section 3, the formulation for solving linear eleventh-order BVP by the Galerkin weighted residual method with Bernstein and Legendre polynomials are presented. Numerical examples and results for both linear and nonlinear BVPs are considered to verify the proposed formulation and the solutions are compared with the existing methods in the literature in section 4. Finally the conclusions of the paper are given in the last section.
II.
Piecewise Polynomials 
Bernstein polynomials
For these properties, Bernstein polynomials are used in the trail functions satisfying the corresponding homogeneous form of the essential boundary conditions in the Galerkin method to solve a BVP.
Legendre Polynomials
The general form of the Legendre polynomials of degree n is defined by
Now we modify above Legendre polynomials as
We write first few modified Legendre polynomials over the interval [0, 1] 9   8  7  6  5  4  3  2  8   12870   64350  135564  156156  106722  43890  10500  1332  72 ) ( 10  9  8   7  6  5  4  3  2  9   48620  267410  630630   832260  672672  342342  108570  20460  2070  90 ) ( 11  10  9  8   7  6  5  4  3  2  10   184756  1108536  2892890  4302870   4015440  2438436  966966  244530  37290  3080  110 ) (
Since the modified Legendre polynomials have special properties at 0
respectively, so that they can be used as set of basis function to satisfy the corresponding homogeneous form of the Dirichlet boundary conditions to derive the matrix formulation of fourth order BVP over the interval [0, 1].
III. Matrix Formulation of Eleventh-order BVP
In this section we first derived the matrix formulation for eleventh-order linear BVP and then we extend our idea for solving nonlinear BVP. To solve the boundary value problem (1) by the Galerkin method we approximate ) (x u as 
Using eqn. (3) into eqn. (1), the weighted residual equations are 
Integrating by parts the terms up to second derivative on the left hand side of (4), we get 
Putting eqns. (5) - (14) into eqn. (4) and using approximation for ) ( x u given in eqn. (3) and after applying the boundary conditions given in eqn. (1b) and rearranging the terms for the resulting equations we get a system of equations in matrix form as 
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Solving the system (15a), we find the values of the parameters i  and then substituting these parameters into eqn. (3), we get the approximate solution of the BVP (1). For nonlinear eleventh-order BVP, we first compute the initial values on neglecting the nonlinear terms and using the system (15). Then using the Newton's iterative method we find the numerical approximations for desired nonlinear BVP. This formulation is described through the numerical examples in the next section.
IV. Numerical Examples And Results
To test the applicability of the proposed method, we consider two linear and one nonlinear problem which are available in the existing literature. For all examples, the solutions obtained by the proposed method are compared with the exact solutions. All the calculations are performed by MATLAB 10. The convergence of linear BVP is calculated by subject to boundary conditions:
The analytic solution of the above problem is
. The maximum absolute errors by the present method are summarized in Table 1 . On the other hand, it is observed that the accuracy is found nearly the order 12 10  in [7] by Siddiqi et al and nearly the order 13 10  in [8] by Amjad Hussain et al. Now the exact and approximate solutions are depicted in Fig. 1of example 1 
subject to boundary conditions: , 1 cos
. The maximum absolute errors, shown in Table 2 , are listed to compare with existing results. The maximum absolute errors were found by Siddiqi et al [7] . We have shown the exact and approximate solutions in Fig. 2 of example 2 for 14  n . 
subject to boundary conditions: ,
The exact solution of this BVP is ) 
The above equation (22) 
The initial values of these coefficients i  are obtained by applying Galerkin method to the BVP neglecting the nonlinear term in (18a). That is, to find initial coefficients we solve the system G DA  (24a) whose matrices are constructed from Table 3 . On the contrary the maximum absolute error were found by Siddiqi et al [7] is 
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V. Conclusions
In this paper, we have used Bernstein and Legendre polynomials as basis functions for the numerical solutions of eleventh-order linear and nonlinear BVPs in the Galerkin method. It is clear from the tables that the numerical results obtained by our method are superior to other existing methods. Also we get better results for Bernstein polynomials than the Legendre polynomials. It may also notice that the numerical solutions are identical with the exact solution even Bernstein and Legendre polynomials are used in the approximation which are shown in Figs. [1] [2] [3] .
